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Surri ri Ohppd 5
Ohw F eh wkh zlqqlqj frdolwlrq1 Dw gdwh 5/ phpehuv ri F fkrrvh wkh ohyho ri
glyhuvlrq1 Wkh sd|r wr hdfk vkduhkroghu l 5 F lv jlyhq e|=
f+4 g, .
fS
M
f
E+g,= +:,
Hdfk erdug phpehu uhfhlyhv d iudfwlrq f ri wkh yhuldeoh uhyhqxh +4  g,1 Lq
dgglwlrq/ erdug phpehuv vsolw wkh sulydwh ehqhwv E+g, lq sursruwlrq wr wkhlu fdvk
rzv1 Wkh uvw rughu frqglwlrq ri hdfk phpehu ri wkh zlqqlqj frdolwlrq lv wkh vdph/
dqg khqfh wkh| xqdqlprxvo| djuhh rq wkh glyhuvlrq ohyho g+F, ghqhg e|=
E+g+F,, @
[
M
f= +;,
Wkh sd|r wr dq| vkduhkroghu l zkhq frdolwlrq F zlqv lv jlyhq e|=
X+F, @
+
f+4 g+F,, .
SS
M
S
E+g+F,, li l 5 F/
f+4 g+F,, rwkhuzlvh1
+<,
Sduw +l,= wr vkrz wkdw li vkduhkroghu l 5 F dqg l 95 G wkhq X+F,  X+G,1
Qrwh wkdw
X+F,  f+4 g+G,, .
fS
M
f
E+g+G,,  f+4 g+G,, @ X+G,>
zkhuh wkh uvw lqhtxdolw| iroorzv ehfdxvh g+F, pd{lpl}hv wkh h{suhvvlrq lq htxd0
wlrq +:, iru dq| phpehu ri F1 Pruhryhu/ li f A 3/ wkh deryh lqhtxdolw| lv vwulfw1

Sduw +ll,= wr vkrz wkdw li vkduhkroghu l 5 F/ l 5 G/ dqg
S
M(
f A
S
M
f wkhq
X+F,  X+G,1
Qrwh wkdw
X+F,  f+4 g+G,, .
fS
M
f
E+g+G,,
 f+4 g+G,, .
fS
M(
f
E+g+G,, @ X+G,>
zkhuh wkh uvw lqhtxdolw| iroorzv ehfdxvh g+F, pd{lpl}hv wkh h{suhvvlrq lq htxd0
wlrq +:, iru dq| phpehu ri F/ dqg wkh vhfrqg lqhtxdolw| iroorzv iurp
S
M(
f AS
M
f1 Pruhryhu/ li f A 3/ wkh lqhtxdolw| lv vwulfw1 
Surri ri Ohppd 6
Sduw +l,= wr vkrz wkdw/ iru dq| yrwlqj glvwulexwlrq y/ F 5 V+y, li dqg rqo| li
FS 95 V+y,1
46
fl A 3 lpsolhv
S
l5G
fl ? 4 zklfk/ lq wxuq lpsolhv wkdw E+g+G,, A 31 Khqfh/ wkh vhfrqg
lqhtxdolw| lv vwulfw1
2b
Wdnh dq| y/ dqg vxssrvh wkdw F 5 V+y,1 Wkhq hlwkhu d,
S
M
y A 83( ru e,S
M
y @ 83( dqg wkh hqwuhsuhqhxu ehorqjv wr F1 Lq fdvh d,/ F
S 95 V+y, eh0
fdxvh
S
MS
y ? 83(1 Lq fdvh e, FS 95 V+y, ehfdxvh
S
MS
y @ 83( dqg wkh
hqwuhsuhqhxu lv qrw d phpehu ri FS +kh ehorqjv wr F,1 Wkh surri ri wkh rwkhu
gluhfwlrq lv vlplodu1
Sduw +ll,= wr vkrz wkdw/ iru dq| yrwlqj glvwulexwlrq y/ li F 5 V+y, dqg G 5 V+y,/
wkhq F _G 9@ >1
Wdnh dq| y/ dqg vxssrvh +wrzdugv d frqwudglfwlrq, wkdw F 5 V+y,/ G 5 V+y, dqg
F _G @ >1 E| ghqlwlrq ri V+y,/
S
M
y  83(/
S
M(
y  83(/ dqg dw ohdvw
rqh ri wkhvh lqhtxdolwlhv lv vwulfw ehfdxvh wkh hqwuhsuhqhxu lv dw prvw lq rqh ri wkh
wzr frdolwlrqv1 Exw/
S
MU
y 
S
M
y .
S
M(
y A 433/ zkhuh wkh uvw lqhtxdolw|
iroorzv iurp wkh idfw wkdw F dqg G duh glvmrlqw1 Frqwudglfwlrq1 
Surri ri Sursrvlwlrq 4
Wdnh dq| rzqhuvkls vwuxfwxuh f/ dqg y1 Zh glylgh wkh surri lq wkuhh vwhsv1e
Vwhs 4= Zhdn erdugv duh qhyhu vxssruwhg lq htxloleulxp1
Vxssrvh +wrzdugv d frqwudglfwlrq, wkdw wkh zlqqlqj frdolwlrqF lv zhdn1D Frqvlghu
wkh iroorzlqj ghyldwlrq= doo wkh phpehuv ri wkh frdolwlrq FS yrwh iru wkh frdolwlrq
FS dw gdwh 41S Vlqfh F lv zhdn/ FS lv vwurqj +e| Ohppd 6+l,,/ dqg khqfh/ dv
d uhvxow ri wkh ghyldwlrq/ FS lv hohfwhg1 Exw/ e| Ohppd 5+l,/ iru dq| l 5 FS/
X+F
S, A X+F,1 Wkxv/ hyhu| phpehu ri F
S lv ehwwhu r/ dqg dv d uhvxow frdolwlrq
FS ghyldwhv1 Frqwudglfwlrq1 
Vwhs 5= Vwurqj erdugv zlwk pruh fdvk rz wkdw wkh plqlpxp dprqj doo vwurqj
frdolwlrqv duh qhyhu vxssruwhg lq htxloleulxp1
Vxssrvh wrzdugv d frqwudglfwlrq wkdw wkh zlqqlqj erdug F lv vwurqj/ dqg wkdw wkhuh
lv dqrwkhu vwurqj frdolwlrq G vxfk wkdw
S
M(
f ?
S
M
f1 Frqvlghu wkh iroorzlqj
ghyldwlrq= doo wkh phpehuv ri G yrwh iru frdolwlrq G dw gdwh 41. Vlqfh G lv vwurqj/
dv d uhvxow ri wkh ghyldwlrq/ frdolwlrqG lv hohfwhg1 Qrwh wkdw/ e| Ohppd 5+l,/ iru dq|
l 5 G dqg l 95 F/ X+G, A X+F,1 Dqg/ ehfdxvh
S
M(
f ?
S
M
f/ e| Ohppd 5+ll,/
iru dq| l 5 G dqg l 5 F/ X+G, A X+F,1 Wkxv/ hyhu| phpehu ri G lv ehwwhu r/
dqg dv d uhvxow frdolwlrq G ghyldwhv1 Frqwudglfwlrq1 
Vwhs 6= Wkhuh lv dw ohdvw rqh htxloleulxp lq zklfk wkh vwurqj frdolwlrq zlwk wkh
plqlpxp fdvk rz dprqj doo vwurqj frdolwlrqv lv vxssruwhg dv wkh zlqqlqj erdug1
Wkh surri lv e| frqvwuxfwlrq1 Ohw F eh wkh vwurqj frdolwlrq wkdw plqlpl}hv wkh
vxp ri fdvk rzv dprqj doo vwurqj frdolwlrqv1 Frqvlghu wkh vlwxdwlrq lq zklfk doo
47Iru wklv surri dqg wkh iroorzlqj surriv zh gr qrw frqvlghu vkduhkroghuv zlwk 3 fdvk rz
dqg srvlwlyh yrwhv1 Lw fdq eh vkrzq wkdw lw lv qhyhu rswlpdo wr kdyh vxfk d vkduhkroghu1
48Lq wklv surri zh uhihu wr frdolwlrqv dv ehlqj zhdn ru vwurqj1 Wkhvh frqfhswv duh uhodwlyh
wr wkh yrwlqj glvwulexwlrq y1
49Lw lv srvvleoh wkdw/ dw wkh sursrvhg htxloleulxp/ vrph ri wkh phpehuv ri Ff duh douhdg|
yrwlqj iru frdolwlrq Ff vr/ lq idfw/ wkh| gr qrw ghyldwh1 Krzhyhu/ lw lv lpsrvvleoh wkdw doo
wkh phpehuv ri Ff duh yrwlqj iru Ff dw wkh sursrvhg htxloleulxp/ ehfdxvh li wklv zdv wkh
fdvh/ wkh zlqqlqj frdolwlrq zrxog eh Ff dqg qrw F1 Wr vlpsoli| h{srvlwlrq/ zh vd| wkdw wkh
_phpehuv ri Ff ghyldwh/% exw lw vkrxog eh xqghuvwrrg wkdw rqo| wkrvh zkr duh qrw douhdg|
yrwlqj iru Ff ghyldwh1
4:D vlplodu frpphqw wr wkdw lq irrwqrwh +49, dssolhv khuh1
f
vkduhkroghuv yrwh iru frdolwlrq F dw gdwh 41 Zh vkrz wkdw qr ghyldwlqj frdolwlrq fdq
pdnh doo ri lwv phpehuv vwulfwo| ehwwhu r1
Vxssrvh +wrzdugv d frqwudglfwlrq, wkdw frdolwlrq G ghyldwhv dw gdwh 4 dqg/ dv d
uhvxow ri wkh ghyldwlrq/ doo wkh phpehuv ri frdolwlrq G duh pdgh vwulfwo| ehwwhu r1
Iluvw/ vxssrvh wkdw G lv zhdn1 Wkh uhvxowv ri wkh hohfwlrq duh xqfkdqjhg ehfdxvh
frdolwlrqGS/ zklfk vwloo vxssruwv F/ lv vwurqj +e| Ohppd 6+l,,1 Khqfh/ wkh phpehuv
ri wkh ghyldwlqj frdolwlrq duh lqglhuhqw1 Frqwudglfwlrq1
Vhfrqg/ vxssrvh wkdw G lv vwurqj/ dqg wkdw/ dv d uhvxow ri wkh ghyldwlrq/ frdolwlrq
H lv hohfwhg dv wkh erdug1 Qrwh wkdw H 9@ G ehfdxvh rwkhuzlvh wkh phpehuv ri
wkh ghyldwlqj frdolwlrq zrxog eh lqglhuhqw1 Vlqfh erwk F dqg G duh vwurqj/ e|
Ohppd 6+ll,/ wkh| kdyh dw ohdvw rqh vkduhkroghu/ m/ lq frpprq +m 5 F _G,1 Vlqfh
vkduhkroghu m 5 F/ lw pxvw eh wkdw m 5 H/ rwkhuzlvh vkh zrxog eh pdgh zruvh r
e| ghyldwlqj +e| Ohppd 5+l,,1 Dovr/ lw pxvw eh wkdw
S
M.
f ?
S
M
f/ rwkhuzlvh
vkduhkroghu m zrxog eh lqglhuhqw ru zruvh r e| ghyldwlqj +e| Ohppd 5+ll,,1 Wklv
odvw lqhtxdolw| kdv wzr lpsolfdwlrqv1 Rqh lv wkdw frdolwlrq H glyhuwv pruh wkdq
frdolwlrq F1 Wkh rwkhu lv wkdw frdolwlrq H lv zhdn ehfdxvh qr vwurqj frdolwlrq kdv
vwulfwo| ohvv fdvk rz wkdq F1 Exw vlqfh G lv vwurqj dqg H lv zhdn/ wkhuh pxvw eh dw
ohdvw rqh vkduhkroghu/ n/ vxfk wkdw n 5 G dqg n 95 H +reylrxvo|/ d vwurqj frdolwlrq
fdq qrw eh d vxevhw ri d zhdn frdolwlrq,1 Zh vkrz wkdw vkduhkroghu n lv zruvh r e|
ghyldwlqj1 Li vkduhkroghu n 5 F/ wkhq vlqfh n 95 H/ e| Ohppd 5+l,/ X&+H, ? X&+F,
+vkduhkroghu n orvvhv khu srvlwlrq lq wkh erdug,1 Dqg/ li vkduhkroghu n 95 F +kh lv
qrw lq wkh erdug lq dq| fdvh,/ kh lv dovr pdgh zruvh r e| ghyldwlqj/ ehfdxvh erdug
H glyhuwv pruh wkdq erdug F1 Frqwudglfwlrq1 
Wkh idfw wkdw wkh ohyho ri glyhuvlrq lv d ghfuhdvlqj ixqfwlrq ri wkh fdvk rz ri wkh
zlqqlqj frdolwlrq fdq eh rewdlqhg iurp htxdwlrq +;, dqg wkh idfw wkdw E+, ? 31
Surri ri Ohppd 7
Zh vwduw zlwk d jlyhq frqwuro vwuxfwxuh U/ dqg d vkduhkroghu l wkdw ehorqjv wr
F 5U1 Ohw y eh rqh ri wkh yrwlqj glvwulexwlrqv wkdw jhqhudwhU +l1h1/ U+y, @U,1
Qrz/ F 5 U+y, rqo| li F 5 V+y,1 Wklv lpsolhv wkdw FS 95 V+y,1 Dovr/ vlqfh
F 5 U+y, lw pxvw eh wkdw F  ilj 95 V+y, +uhfdoo wkdw uhohydqw vwurqj frdolwlrqv duh
vwurqj frdolwlrqv zlwk zhdn surshu vxevhwv,1 Wkxv/ +F  ilj,S @ FS ^ ilj 5 V+y,1
Wkhuhiruh/ wkhuh pxvw eh G  FS ^ ilj vxfk wkdw G 5 U+y,1HQrwh wkdw l 5 G
ehfdxvh rwkhuzlvh G  FS1 Exw/ vlqfh FS lv zhdn/ vr zrxog G +fohduo|/ d vxevhw ri d
zhdn frdolwlrq lv zhdn, dqg khqfh lw zrxog qrw eh lq U+y,1 Ilqdoo|/ e| frqvwuxfwlrq
G  ilj  FS/ dqg wkhuhiruh F  ilj _ G  ilj @ >1
Surri ri Sursrvlwlrq 5
Zh vwduw zlwk d jlyhq frqwuro vwuxfwxuh/ U1 Uhfdoo wkdw wkh fdvk rz glvwulexwlrq
wkdw pd{lpl}hv hflhqf| iru wklv frqwuro vwuxfwxuh lv wkh vroxwlrq wr htxdwlrq +9,/
4;Zh duh xvlqj wkh iroorzlqj idfw= iru dq| y I 5 V+y, @, <J  I> J 5 U+y,1 Wklv
idfw vhhpv vwudljkwiruzdug1 Krzhyhu/ iru frpsohwhqhvv zh suryh lw khuh1 Wkh surri lv e|
lqgxfwlrq rq wkh qxpehu ri hohphqwv ri I 1
Iru &I @ 4/ li I 5 V+y,/ wkhq lw pxvw eh wkdw I 5 U+y, ehfdxvh wkh rqo| surshu vxevhw
ri I lv > zklfk lv zhdn1
Vxssrvh/ wkh vwdwhphqw krogv iru &I @ q/ dqg frqvlghu wkh fdvh zkhuh &I @ q . 4
dqg I 5 V+y,1 Li ;m> I  imj 95 V+y,/ wkhq fohduo| doo wkh vxevhwv ri I duh zhdn dqg
wkhuhiruh I 5 U+y,1 Li/ lqvwhdg/ < I  ij 5 V+y,/ wkhq vlqfh &I  ij @ q wkhuh lv
J  I  ij> J 5 U+y,1 Exw J  I  ij  I 1

zklfk zh uhzulwh khuh=
pd{
U
plq
MU
[
M
f> +9,
zkhuh f  3 dqg
S
MU f @ 41 Zh ghqrwh e| f
W wkh fdvk rz glvwulexwlrq wkdw vroyhv
htxdwlrq +9,/ dqg e|  wkh ydoxh ri wkh surjudp1
Wkh remhfwlyh ri wkh surri lv wr vkrz wkdw wkh yrwlqj glvwulexwlrq yW @ fW jhqhudwhv
wkh frqwuro vwuxfwxuhU/ wkdw lv/ U+yW, @U1 Wklv lv grqh lq d qxpehu ri vwhsv1
Vwhs 4= D vroxwlrq wr htxdwlrq +9, h{lvwv1
Vlqfh iru d {hg F/
S
M f lv d frqwlqxrxv ixqfwlrq ri wkh f*v dqg wkh plqlpxp ri
d qxpehu ri frqwlqxrxv ixqfwlrqv lv frqwlqxrxv/ wkh sureohp ri htxdwlrq +9, lv rqh
ri d frqwlqxrxv ixqfwlrq ryhu d frpsdfw vhw1 
Vwhs 5= Dw wkh vroxwlrq fW/ iru dq| frdolwlrq F 5U/
S
M f
W
 A

2 1
Lw lv hqrxjk wr vkrz wkdw  A 2 1 Wdnh dq| yrwlqj glvwulexwlrq y vxfk wkdw U+y, @
U1 Qrz/ F 5 U+y, rqo| li F 5 V+y, zklfk lpsolhv wkdw hlwkhu
S
M y A

2 / ruS
M y @

2 dqg wkh hqwuhsuhqhxu lv d phpehu ri F1
Iluvw/ vxssrvh wkdw/ iru y/ doo frdolwlrqv F 5 U+y, duh vxfk wkdw
S
M y A

2 1
Frqvlghu wkh fdvk rz glvwulexwlrq f @ y1 Khqfh/ iru dq| F 5 U+y,/
S
M f @S
M y A

2 1 Exw wklv lpsolhv wkdw
  plq
M-E7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M
f A
4
5
>
zkhuh wkh uvw lqhtxdolw| iroorzv ehfdxvh f lv qrw qhfhvvdulo| wkh rswlpdo fdvk rz
glvwulexwlrq1
Vhfrqg/ vxssrvh wkdw iru y vrph ri wkh frdolwlrqv lq U+y, kdyh h{dfwo| 2 ri wkh
yrwhv dqg lqfoxgh wkh hqwuhsuhqhxu1 Lw lv hdv| wr fkhfn wkdw y fdq eh shuwxuehg
wr rewdlq dqrwkhu yrwlqj glvwulexwlrq wkdw dovr jhqhudwhv U/ dqg vxfk wkdw hyhu|
uhohydqw vwurqj frdolwlrq kdv vwulfwo| pruh wkdq 2 ri wkh yrwhv1
b Khqfh/ zh fdq
dsso| wkh dujxphqw ri wkh suhylrxv sdudjudsk wr wkh shuwxuehg yrwlqj yhfwru1 
Vwhs 6= Iru dq| frdolwlrq F 5U dqg dq| vkduhkroghu m 5 F/
S
M f
W
  f
W
 ?

2 1
Vxssrvh qrw1 Wklv lpsolhv wkdw wkhuh lv dw ohdvw rqh frdolwlrq H 5 U dqg rqh
vkduhkroghu lf 5 H vxfk wkdw
S
M. f
W
  f
W
f
 2 1 E| Ohppd 7/ wkhuh lv dqrwkhu
frdolwlrq G 5U wkdw lqfoxghv lf dqg vxfk wkdw H  ilfj _G  ilfj @ >1 Exw/
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+uhfdoo vkduhkroghu 4 lv wkh hqwuhsuhqhxu,1 Lw fdq eh vkrzq wkdw iru d vxflhqwo| vpdoo  wkh
ghvluhg uhvxow krogv1
2
Wkh uvw lqhtxdolw| xvhv wkh idfw wkdw/ ehfdxvh H  ilfj _G  ilfj @ >/ H  ilfj/
G  ilfj/ dqg ilfj duh pxwxdoo| glvmrlqw vhwv1 Wkh odvw lqhtxdolw| xvhv wkh idfwS
M.
fW

 fW
f
 
2
/ dqg wkh idfw wkdw/ vlqfh G 5U/ e| vwhs 5/
S
M(
fW

A 
2
1
Vwhs 7= Wkh yrwlqj glvwulexwlrq yW @ fW lv vxfk wkdw U+yW, @U1
Iluvw/ zh vkrz U  U+yW,1 Wdnh dq| frdolwlrq F 5 U1 Qrwh wkdw/
S
M
yW

@
S
M
fW

A 
2
/ zkhuh wkh lqhtxdolw| iroorzv iurp vwhs 51 Wklv lpsolhv wkdwF 5 V+yW,1
Qrz/ wdnh dq| surshu vxevhw G  F1 Wkhuh h{lvwv dw ohdvw d vkduhkroghu lf 5 F
vxfk wkdw lf 95 G/ ru G  F  ilfj1 Wklv lpsolhv wkdw/
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yW @
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fW 
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fW  f
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zkhuh wkh uvw lqhtxdolw| iroorzv iurp G  F  ilfj dqg wkh odvw rqh iroorzv iurp
vwhs 61 Wklv lpsolhv G 95 V+yW,/ wkdw lv/ dq| surshu vxevhw ri F lv zhdn uhodwlyh wr
yW1 Wklv idfw/ wrjhwkhu zlwk wkh idfw wkdw F 5 V+yW,/ lpsolhv wkdw F 5 U+yW,1
Vhfrqg/ zh vkrz wkdw U+yW, U1 Vxssrvh +wrzdugv d frqwudglfwlrq, wkdw wkhuh lv
d F 5 U+yW, dqg F 95 U1 Ohw y eh rqh ri wkh yrwlqj glvwulexwlrqv wkdw jhqhudwh
U/ wkdw lv/ U+y, @U1 Qrz/ F 95U @ U+y, lpsolhv wkdw hlwkhu d, F 95 V+y,/ ru e,
F 5 V+y, dqg wkhuh lv G 5 V+y, vxfk wkdw G  F1
Lq fdvh d,/ F 95 V+y, lpsolhv FS 5 V+y,1 Wkhuhiruh/ wkhuh pxvw eh H  FS vxfk
wkdw H 5 U+y,12f Exw/ ehfdxvh U+y, @ U  U+yW,/ H 5 U+y, lpsolhv wkdw
H 5 U+yW,1 Wkhuhiruh/ erwk F dqg H ehorqj wr U+yW,/ dqg wklv lpsolhv wkdw erwk
frdolwlrqv ehorqj wr V+yW,1 Exw/ e| frqvwuxfwlrq F _H @ > zklfk lv d frqwudglfwlrq
ehfdxvh/ uhodwlyh wr dq| yrwlqj glvwulexwlrq/ wzr vwurqj frdolwlrqv kdyh dw ohdvw rqh
vkduhkroghu lq frpprq +vhh Ohppd 6+ll,,
Lq fdvh e,/ G 5 V+y, lpsolhv wkdw wkhuh lv I  G vxfk wkdw I 5 U+y,12 Ehfdxvh
U+y, @ U  U+yW,/ I 5 U+y, lpsolhv wkdw I 5 U+yW,1 Qrz I 5 U+yW, rqo| li
I 5 V+yW,1 Exw I  G  F dqg I 5 V+yW, lpso| wkdw F 95 U+yW, +F fdqqrw eh
d uhohydqw vwurqj frdolwlrq uhodwlyh wr yW ehfdxvh I lv vwurqj uhodwlyh wr yW dqg lv d
vxevhw ri F,1 Exw e| dvvxpswlrq F 5 U+yW,1 Frqwudglfwlrq1
Surri ri Sursrvlwlrq 6
Zh vwduw zlwk L uhohydqw vkduhkroghuv dqg dq| qxpehu ri qrq0uhohydqw vkduhkrog0
huv1 Zh duh orrnlqj iru wkh frqwuro vwuxfwxuh kdylqj L uhohydqw vkduhkroghuv dqg
wkh dvvrfldwhg fdvk rz glvwulexwlrq wkdw pd{lpl}hv wkh fdvk rz ri wkh zlqqlqj
frdolwlrq1 Wkh| fdq eh irxqg e| vroylqj/ iru hdfk frqwuro vwuxfwxuh U kdylqj L
uhohydqw vkduhkroghuv/ wkh surjudp lq htxdwlrq +9,=
pd{
U
plq
MU
[
M
f= +9,
Zh ghqrwh e| fW+U, wkh fdvk rz glvwulexwlrq wkdw vroyhv wklv surjudp iru wkh
frqwuro vwuxfwxuhU/ dqg e| +U, wkh ydoxh ri wkh surjudp iru wkh frqwuro vwuxfwxuh
U1
Wkh surri lv rujdql}hg lq d vhulhv ri vwhsv1
53Vhh irrwqrwh 4;1
54Djdlq/ vhh irrwqrwh 4;1

Vwhs 4= Dw wkh vroxwlrq qrq0uhohydqw vkduhkroghuv uhfhlyh }hur fdvk rz1 Dv d
qrupdol}dwlrq wkh| duh dvvljqhg qr yrwhv hlwkhu1
Lq idfw/ lw lv srvvleoh wkdw qrq0uhohydqw vkduhkroghuv kdyh vrph yrwhv/ dv orqj dv
wkh| duh ihz hqrxjk wr jxdudqwhh wkdw wkh| gr qrw ehorqj wr dq| uhohydqw vwurqj
frdolwlrq1 Krzhyhu/ dv d qrupdol}dwlrq/ zh dvvljq 3 yrwhv wr hdfk rqh ri wkhp1
Wkh idfw wkdw wkh| uhfhlyh }hur fdvk rz lv vwudljkwiruzdug1 Vxssrvh +wrzdugv d
frqwudglfwlrq, wkdw qrq0uhohydqw vkduhkroghuv uhfhlyh vrph srvlwlyh dprxqw ri fdvk
rzv/ f A 31 Frqvlghu/ d glhuhqw fdvk rz glvwulexwlrq zkhuh wkh dprxqw f lv
glvwulexwhg hyhqo| wr doo uhohydqw vkduhkroghuv1 Wklv uhglvwulexwlrq udlvhv wkh fdvk
rz ri hyhu| uhohydqw vwurqj frdolwlrq1 Wkhuhiruh/ wkh qhz glvwulexwlrq pxvw uhvxow
lq d zlqqlqj erdug zlwk pruh fdvk rz1 Fohduo| wkhq kdylqj f A 3 lv qrw rswlpdo1

Vwhs 5= Iru L @ 4/ f @ y @ 4 zlwk fruuhvsrqglqj  @ 41
Wklv rzqhuvkls vwuxfwxuh lv wkh uvw ehvw rzqhuvkls vwuxfwxuh1 
Vwhs 6= Iru L  6 dqg L rgg/ f @ y @ +
U
> = = = > 
U
, zlwk fruuhvsrqglqj  @ 
2
. 
2U
1
Wdnh dq| frqwuro vwuxfwxuh U1 Ohw l4? eh wkh uhohydqw vkduhkroghu zlwk wkh ohdvw
fdvk rz dw wkh vroxwlrq1 Vlqfh l4? lv d uhohydqw vkduhkroghu lw pxvw ehorqj wr vrph
frdolwlrq F 5U1 E| Ohppd 7/ wkhuh lv dqrwkhu frdolwlrqG 5U vxfk wkdw l4? 5 G
dqg F  il4?j _G  il4?j @ >1 Qrz/
4 @
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Wkh uvw lqhtxdolw| xvhv wkh idfw wkdw/ ehfdxvhFil4?j_Gil4?j @ >/ Fil4?j/
G  il4?j/ dqg il4?j duh pxwxdoo| glvmrlqw vhwv1 Wkh odvw lqhtxdolw| xvhv wkh idfw
wkdw erwk F dqg G ehorqj wrU/ dqg khqfh lw pxvw eh wkdw
S
M
fW

+U,  +U, dqgS
M(
fW

+U,  +U, +uhfdoo wkdw wkh zlqqlqj frdolwlrq lv wkh rqh dprqj doo uhohydqw
vwurqj frdolwlrq zlwk wkh ohdvw fdvk rz,1 Wkhuhiruh/
;U> +U, 
4
5
.
fW
4?
+U,
5
= +43,
Qrwh wkdw wklv htxdwlrq krogv iru dq| frqwuro vwuxfwxuh ehfdxvh zh kdyh qrw lq0
wurgxfhg |hw wkh frqglwlrq wkdw L lv rgg1 Zkhq U kdv L uhohydqw vkduhkroghuv/
fW
4?
+U,  
U
dqg wkhuhiruh
;U zlwk L uhohydqw vkduhkroghuv> +U, 
4
5
.
4
5L
> +44,
Ilqdoo|/ zh vkrz wkdw/ iru L rgg/ wklv xsshu erxqg fdq eh dwwdlqhg zlwk wkh rzqhu0
vkls vwuxfwxuh f @ y @ +
U
> = = = > 
U
,1 Wkhuhiruh/ wklv rzqhuvkls vwuxfwxuh lv rswlpdo1
Lw fdq hdvlo| eh vhhq wkdw d frdolwlrq lv uhohydqw vwurqj uhodwlyh wr y li dqg rqo| li lw
frqwdlqv dq| Un
2
vkduhkroghuv1 Wkh fdvk rz ri dq| ri wkh uhohydqw vwurqj frdolwlrqv
lv 
2
. 
2U
dqg khqfh wklv lv dovr wkh fdvk rz ri wkh zlqqlqj rqh1 Khqfh wkh xsshu
erxqg lv dfklhyhg1 
e
Wkh uhvw ri wkh surri lv iru wkh fdvh zkhuh L lv hyhq1 Lq wklv fdvh wkh xsshu erxqg

2 .

2U fdqqrw eh dwwdlqhg zlwk dq| frqwuro vwuxfwxuh1 Krzhyhu/ zkhq L lv hyhq/ lw
fdq eh vkrzq wkdw wkhuh lv d orzhu xsshu erxqg jlyhq e| 2 .

2EUn 1 Wklv lv grqh
lq vwhs 71 Lq vwhs 8 zh vkrz wkdw wkhuh lv dq rzqhuvkls vwuxfwxuh wkdw dwwdlqv wklv
xsshu erxqg1
Vwhs 7= Iru dq| frqwuro vwuxfwxuh U zlwk L +L hyhq, uhohydqw vkduhkroghu
+U, 
4
5
.
4
5+L . 4,
=
Ohw U eh vxfk d frqwuro vwuxfwxuh dqg ohw l4? dqg l4@ eh wkh vkduhkroghuv zlwk
wkh ohdvw dqg wkh prvw fdvk rz dw wkh vroxwlrq1 Iru d frqwuro fodvv zlwk dq hyhq
qxpehu ri uhohydqw vkduhkroghuv wkh iroorzlqj krogv=
+U, 
4
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fW
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+U, fW
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= +45,
Lq rughu qrw wr glvuxsw wkh rz ri wklv surri/ zh suryh wklv uhvxow dw wkh hqg1
Frqvlghu wzr fdvhv1 Fdvh 4, lv fW
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Un 1 Qrwh wkdw
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zkhuh wkh uvw lqhtxdolw| iroorzv iurp htxdwlrq +43,1
Fdvh 5, lv zkhuh fW
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Zkhuh wkh uvw lqhtxdolw| iroorzv iurp htxdwlrq +45,1 
Vwhs 8= Iru L  6 dqg L hyhq/ f @ y @ + 
Un > = = = > 5

Un > = = = >

Un, +hyhu| vkduhkroghu
kdv fdvk rz dqg yrwhv 
Un h{fhsw rqh zkr fdq eh dq|rqh zkr kdv 5

Un, zlwk
fruuhvsrqglqj  @ 2 .

2EUn 1
Vlqfh/ e| wkh suhylrxv vwhs/ qr frqwuro vwuxfwxuh zlwk L hyhq vkduhkroghuv fdq gr
ehwwhu wkdq 2.

2EUn / lw lv vxflhqw wr vkrz wkdw wkh sursrvhg rzqhuvkls vwuxfwxuh
dwwdlqv wklv xsshu erxqg1
Ohw lf eh wkh vkduhkroghu wkdw uhfhlyhv fdvk rz dqg yrwhv 5

Un 1 Wkh uhohydqw vwurqj
frdolwlrqv wkdw wklv yrwlqj glvwulexwlrq jhqhudwhv duh ri wzr w|shv/ hlwkhu= 4, wkh|
lqfoxgh lf dqg dq| rwkhu
U
2 4 vkduhkroghuv/ ru 5, wkh| kdyh
U
2 .4 vkduhkroghuv qrqh
D
ri zklfk lv lf1 Hdfk uhohydqw vwurqj frdolwlrq kdv fdvk rz ri

2 .

2EUn dqg khqfh
wklv pxvw eh wkh fdvk rz ri wkh zlqqlqj frdolwlrq1 
Zh qrz suryh wkh uhvxow lq htxdwlrq +45,1
Iru dq| frqwuro vwuxfwxuh U zlwk L +L hyhq, uhohydqw vkduhkroghuv=
+U, 
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fW
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Wdnh dq| yrwlqj glvwulexwlrq y vxfk wkdw U+y, @ U1 Ohw  eh d shupxwdwlrq ri L
wkdw _rughuv% y dv iroorzv=
yZE  yZE2     yZEU>
zlwk wkh frqglwlrq wkdw li wkhuh duh pdq| y*v wkdw dwwdlq wkh pd{lpxp dqg wkh
hqwuhsuhqhxu lv rqh ri wkhp/ wkhq +L, lv wkh hqwuhsuhqhxu +ru +L, @ 4,1
Iluvw zh vkrz wkdw wkhuh h{lvwv F dqg G vxfk wkdw
4, F ^G @ L  i+L,> +4,j/
5, F _G @ >/ dqg
6, F ^ i+L,j 5 V+y, dqg G ^ i+L,j 5 V+y,1
AIurp wklv wkh lqhtxdolw| lq htxdwlrq +45, zloo iroorz lpphgldwho|1
Frqvlghu duudqjlqj wkh vkduhkroghuv +5,> = = = > +L  4, lqwr frdolwlrqv F dqg G dv
iroorzv=
F @i+5,> = = = > +5q,> = = = > +L  5,j
G @i+6,> = = = > +5q. 4,> = = = > +L  4,j
+46,
Zh rqo| qhhg wr vkrz wkdw F ^ i+L,j 5 V+y, dqg G ^ i+L,j 5 V+y,1 Wkh uhvw ri
wkh vwdwhphqw krogv e| frqvwuxfwlrq1
Ohw  @ yZE yZE3 iru l @ 5> = = = > L1 Khqfh   3 dqg
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=
+47,
Lq dgglwlrq/ iurp wkh idfw wkdw   3 dqg wkh deryh htxdwlrq/
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Zkhuh wkh odvw olqh iroorzv iurp wkh lqhtxdolw| lq htxdwlrq +47,1
Zh frqvlghu wzr fdvhv1 Fdvh 4, lv rqh lq zklfk wkh lqhtxdolw| lq htxdwlrq +47, lv
vwulfw1 Wkhq htxdwlrq +48, lpsolhv wkdw
S
M y . yZEU A

2 / ru htxlydohqwo| wkdw
F ^ i+L,j 5 V+y,1 Dovr/ vlqfh
S
M( y 
S
M y/
S
M( y . yZEU A

2 / dqg vr
G ^ i+L,j 5 V+y,
Fdvh 5, lv rqh lq zklfk htxdwlrq +47, krogv zlwk htxdolw|1 Wklv lpsolhv wkdw  .
   . 2?n .    . U3 @ yZEU  yZE dqg khqfh & @ 3 iru n hyhq1 AIurp
htxdwlrq +48, zh rewdlq wkdw
S
M y.yZEU @

2 1 Wkhuhiruh zh fdqqrw eh vxuh wkdw
frdolwlrq D ^ i+L,j 5 V+y,/ dv lw lv qrw fohdu wkdw wkh hqwuhsuhqhxu lv d phpehu1
Zh frqvlghu wkuhh vxefdvhv1 Fdvh 5d, lv zkhq wkhuh lv 2n  2n A 31 Lq
wklv fdvh/ zh frqvlghu d voljkw yduldwlrq iurp wkh frdolwlrqv F dqg G1 Zh vzlwfk
vkduhkroghuv 5m dqg 5m . 4 dv iroorzv=
F @i+5,> = = = > +5l,> = = = >+5m. 4,> = = = > +L  5,j
G @i+6,> = = = > +5l. 4,> = = = >+5m,> = = = > +L  4,j=
Vr wkh glhuhqfh ehwzhhq wkh yrwhv ri frdolwlrqv F  dqg G lv qrz=
[
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Wkh glhuhqfh lv qrqqhjdwlyh dqg vwulfwo| vpdoohu wkdq yZEU  yZE1 D vlplodu
fdofxodwlrq wr wkdw lq htxdwlrq +48, vkrzv wkdw
S
M y . yZEU A

2 / dqg vr F
 ^
i+L,j 5 V+y,1 Dovr/ vlqfh
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S
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S
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 y . yZEU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
2 / dqg vr
G ^ i+L,j 5 V+y,
Fdvh 5e, lv zkhq wkhuh lv d xqltxh l  4 vxfk wkdw 2n A 31 Wklv lpsolhv wkdw
wkh hohphqwv ri wkh yrwlqj glvwulexwlrq wdnh rqo| wzr ydoxhv y dqg y +y A y,1 Dqg/
vlqfh 2n A 3/ wkhq iurp htxdwlrq +47,/
S
M( y A
S
M y1
Li wkh hqwuhsuhqhxu kdv y yrwhv/ kh lv vkduhkroghu +L, +uhfdoo wkh uxohv iru +,,/ dqg
khqfh frdolwlrq F^i+L,j 5 V+y, ehfdxvh lw kdv 2 ri wkh yrwhv dqg wkh hqwuhsuhqhxu
ehorqjv wr lw1 Dovr/ vlqfh
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M( y A
S
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 y/
S
M( y . yZEU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
2 / dqg vr G ^
i+L,j 5 V+y,1
Li wkh hqwuhsuhqhxu kdv y yrwhv/ rqh mxvw qhhgv wr pdnh vxuh wkdw vkh lv rqh ri wkh
phpehuv ri frdolwlrq F1 Wklv lv dozd|v srvvleoh ehfdxvh/ lq fdvh 5,/ & @ 3 iru n
hyhq/ dqg lq sduwlfxodu 2 @ 31 Wkhuhiruh/ y @ yZE @ yZE21 Vr/ zh fdq kdyh +5,
eh wkh hqwuhsuhqhxu1 Frdolwlrq F ^i+L,j 5 V+y, ehfdxvh lw kdv 2 ri wkh yrwhv dqg
wkh hqwuhsuhqhxu lv d phpehu1 Dovr/ vlqfh
S
M( y A
S
M y/
S
M( y . yZEU A

2 /
dqg vr G ^ i+L,j 5 V+y,1
Ilqdoo|/ fdvh 5f, lv zkhq doo *v duh }hur1 Doo vkduhkroghu kdyh wkh vdph qxpehu ri
yrwhv/ 
U
1 Wkh hqwuhsuhqhxu lv vkduhkroghu +L,/ dqg wkhuhiruh frdolwlrqv F ^ i+L,j
dqgG^i+L,j ehorqj wr V+y, ehfdxvh wkh| kdyh 2 ri wkh yrwhv dqg wkh hqwuhsuhqhxu
lv d phpehu lq erwk1
Qrz wdnh fW+U,1 E| Sursrvlwlrq 5/ fW+U, lv rqh ri wkh yrwlqj glvwulexwlrqv wkdw
jhqhudwh U/ dqg vr wkh deryh vwdwhphqw krogv iru lw1 Ohwwlqj  eh wkh shupxwdwlrq
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Zkhuh wkh uvw olqh xvhv lwhpv 4, dqg 5, ri wkh vwdwhphqw dqg wkh wklug olqh iroorzv
iurp wkh idfw wkdw/ e| 6,/ frdolwlrqv F^i+L,j dqg G^i+L,j duh vwurqj dqg khqfh
dw wkh vroxwlrq
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Htxdwlrq +45, iroorzv iurp wkh odvw olqh dqg wkh idfw wkdw vkduhkroghuv +L, dqg +4,
duh wkh rqhv zlwk wkh pd{lpxp dqg plqlpxp fdvk rz uhvshfwlyho|1 
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+iuihi?Uit
^4` Dxpdqq/ U1/ 4<8<1 Dffhswdeoh srlqwv lq jhqhudo frrshudwlyh q0shuvrq jdphv1
Lq= Nxkq/ K1Z1/ Wxfnhu/ D1Z1 +Hgv1,/ Frqwulexwlrqv wr wkh Wkhru| ri Jdphv
LY1 Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq1
^5` Ehqqhgvhq/ P1/ dqg Zroihq}rq/ G1/ 4<<<1 Lqyhuvwru surwhfwlrq lq frusrudwlrqv
zlwk frqfhqwudwhg rzqhuvkls1 Xqsxeolvkhg zrunlqj sdshu1 Kduydug Xqlyhuvlw|1
^6` Ehuoh/ D1/ Phdqv/ J1/ 4<651 Wkh Prghuq Frusrudwlrq dqg Sulydwh Surshuw|1
Pdfploodq/ Qhz \run1
^7` Exunduw/ P1/ Jurpe/ G1/ Sdqxq}l/ I1/ 4<<:1 Odujh vkduhkroghuv/ prqlwrulqj/
dqg wkh ydoxh ri wkh up1 Txduwhuo| Mrxuqdo ri Hfrqrplfv 445/ 9<6~:5;1
^8` Exunduw/ P1/ Jurpe/ G1/ Sdqxq}l I1/ 4<<;1 Zk| kljkhu wdnhryhu suhpld surwhfw
plqrulw| vkduhkroghuv1 Mrxuqdo ri Srolwlfdo Hfrqrp| 439/ 4:5~5371
^9` Fodun/ U1/ 4<;91 Frusrudwh Odz1 Olwwoh/ Eurzq dqg Frpsdq|/ Ervwrq1
^:` Fkrshu/ M1K1/ Frhh/ M1K1/ Jlovrq/ U1M1/ 4<<81 Fdvhv dqg Pdwhuldov rq Frusr0
udwlrqv1 Olwwoh/ Eurzq dqg Frpsdq|/ Ervwrq1
^;` Hdvwhueurrn/ I1K1/ Ilvfkho/ U1G1/ 4<<4/ Wkh Hfrqrplf Vwuxfwxuh ri Frusrudwh
Odz/ Kduydug Xqlyhuvlw| Suhvv1
^<` Jrphv/ D1/ Qrydhv/ Z1/ 4<<<1 Pxowlsoh Odujh Vkduhkroghuv lq Frusrudwh Jry0
huqdqfh1 Xqsxeolvkhg Zrunlqj Sdshu1 Wkh Zkduwrq Vfkrro1
^43` Jurvvpdq/ V1/ Kduw/ R1/ 4<;31 Wdnryhu elgv/ wkh iuhh0ulghu sureohp/ dqg wkh
wkhru| ri wkh frusrudwlrq1 Ehoo Mrxuqdo ri Hfrqrplfv 44/ 75~971
^44` Jurvvpdq/ V1/ Kduw/ R1/ 4<;;1 Rqh vkduh0rqh yrwh dqg wkh pdunhw iru frusrudwh
frqwuro1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 53/ 4:8~5351
^45` Kdplowrq/ U1Z1/ 4<<91 Wkh Odz ri Frusrudwlrqv lq d Qxwvkhoo1 Zhvw Sxeolvklqj
Fr1/ Vw1 Sdxo1
^46` Kduulv/ P1/ Udyly/ D1/ 4<;;1 Frusrudwh jryhuqdqfh= Yrwlqj uljkwv dqg pdmrulw|
uxohv1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 53/ 536~5681
^47` Mhqvhq/ P1/ Phfnolqj Z1/ 4<:91 Wkhru| ri wkh up= Pdqdjhuldo ehkdylru/
djhqf| frvwv/ dqg rzqhuvkls vwuxfwxuh1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 6/ 638~
6931
^48` Od Sruwd/ U1/ Orsh}0gh0Vlodqhv I1/ Vkohlihu/ D1/ Ylvkq|/ U1Z1/ 4<<;1 Odz dqg
Ilqdqfh1 Mrxuqdo ri Srolwlfdo Hfrqrp| 439/ 4446~44881
^49` Od Sruwd/ U1/ Orsh}0gh0Vlodqhv I1/ Vkohlihu/ D1/ 4<<<1 Frusrudwh rzqhuvkls
durxqg wkh zruog1 Mrxuqdo ri Ilqdqfh 87/ 7:4~84:1
b
^4:` Ohy| yv1 Pdundo Vdohv Frusrudwlrq1 59; Loo1Dss16g 788/ 976 Q1H15g 4539/ 538
Loo1Ghf1 8<<1
^4;` R*Qhdov/ I1K1/ 4<;:1 Rssuhvlrq ri plqrulw| vkduhkroghuv= surwhfwlqj plqrulw|
uljkwv1 Forvh Frusrudwlrqv Odz V|psrvlxp/ Fohyhodqg Vwdwh Odz Uhylhz1
^4<` Sdjdqr/ P1/ Urho D1/ 4<<;1 Wkh fkrlfh ri vwrfn rzqhuvkls vwuxfwxuh= Djhqf|
frvwv/ prqlwrulqj/ dqg wkh ghflvlrq wr jr Sxeolf1 Txduwhuo| Mrxuqdo ri Hfr0
qrplfv 446/ 4;:~5581
^53` Vkohlihu/ D1/ Ylvkq|/ U1/ 4<;91 Odujh vkduhkroghuv dqg frusrudwh frqwuro1 Mrxuqdo
ri Srolwlfdo Hfrqrp| <7/ 794~7;;1
^54` Vkohlihu/ D1/ Ylvkq|/ U1/ 4<<:1 D vxuyh| ri frusrudwh jryhuqdqfh1 Mrxuqdo ri
Ilqdqfh 85/ :6:~:;61
^55` X1V1 Exuhdx ri wkh Fhqvxv/ 4<<61 Vwdwlvwlfdo Devwudfw ri wkh X1V1 8641
^56` ]zlheho/ M1/ 4<<81 Eorfn lqyhvwphqw dqg sduwldo ehqhwv ri frusrudwh frqwuro1
Uhylhz ri Hfrqrplf Vwxglhv 95/ 494~4;81
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